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2211-3797 2012 Elsevier B.V. Open access under CC BYIn this paper, we construct some exact solutions for the non-isentropic Navier–Stokes equations with
density-dependent viscosity in RN. A class of exact solutions is obtained for c ¼ hþ 1N P 1:
qðt;~xÞ ¼
f
x1þd1
aðtÞ ;
x2þd2
aðtÞ ;...:;
xNþdN
aðtÞ
 
aðtÞN
uiðt;~xÞ ¼ _aðtÞaðtÞ ðxi þ diÞ for i ¼ 1;2; . . . :;N
Sðt;~xÞ ¼ 1N ln f x1þd1aðtÞ ; x2þd2aðtÞ ; . . . ; xNþdNaðtÞ
 
aðtÞ ¼ tjN þ a0
8>>>><
>>>>:
ð1Þ
with an arbitrary scalar C1 function f > 0; constants aN0 > 0 and di. In particular, for a0 < 0 and the even
dimensions, the solutions blow up in the ﬁnite time T = jNa0. For a0 > 0, the constructed solutions are
global. Here the main contribution is that we free the density function to be an arbitrary positive C1 func-
tions for the non-isentropic ﬂuids. We note that our newmethod can work only for the non-isentropic ﬂu-
ids. In addition, the constructed exact solutions are useful for testing numerical methods for the system.
 2012 Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
The Navier–Stokes equations with density-dependent viscosity,
can be formulated in the following form:
qt þr  ðq~uÞ ¼ 0
q½~ut þ ð~u  rÞ~u þ rP ¼ visðq;~uÞ
St þ~u  rS ¼ 0:
8><
>: ð2Þ
The standard notations, q ¼ qðt;~xÞP 0; ~u ¼~uðt;~xÞ ¼ ðu1;u2; . . . ;uNÞ
and S ¼ Sðt;~xÞ denote the density, velocity and entropy respectively,
where ~x ¼ ðx1; x2; . . . ; xNÞ. The c-law can be applied to the pressure
function:
P ¼ Pðq; SÞ ¼ esqc ð3Þ
with a constant cP 1. In addition, we consider the density-depen-
dent viscosity function that takes the form
v isðq;~uÞ¼: 5 ðlðqÞ 5 ~uÞ ð4Þg), nevetsyuen@hotmail.com
-NC-ND license.where l(q) is a density-dependent viscosity function, which is usu-
ally written by
lðqÞ¼: jqh ð5Þ
with the constants j, hP 0. For the more information about study
of the above system, the readers may refer [1,3].
For the isentropic ﬂuids, S = lnK, with a positive constant K, the
pressure function can be expressed by
PðqÞ ¼ Kqc: ð6Þ
The solutions to the Navier–Stokes Eq. (2) in radial symmetry,
qðt;~xÞ ¼ qðt; rÞ and ~u ¼~x
r
Vðt; rÞ :¼~x
r
V ð7Þ
can be expressed by:
qtþVqrþqVrþN1r qV¼0
qðVtþVVrÞþðKqcÞr¼ðjqhÞr N1r VþVr
 þjqhðVrrþN1r VrN1r2 VÞ
(
ð8Þ
with the radial r ¼ PNi¼1x2i 1=2.
Constructing exact solutions for the nonlinear partial differen-
tial equations is a very important part in nonlinear science and
56 K.-L. Cheung, M. Yuen / Results in Physics 2 (2012) 55–57mathematical physics. In 2009, Yeung and Yuen [4] showed that
there exists a family of the analytical solutions for the Navier–
Stokes equations with density-dependent viscosity (8):
(i) for h = c = 1,qðt; rÞ ¼ Ae
B r
aðtÞ
 2
þC
aðtÞN ; Vðt; rÞ ¼
_aðtÞ
aðtÞ r
€aðtÞ  2BKaðtÞ þ BNj
_aðtÞ
aðtÞ2 ¼ 0; að0Þ ¼ a0 > 0; _að0Þ ¼ a1
8><
>>: ð9Þwhere AP 0, B and C are constants.
(ii) for h = c > 1,qðt; rÞ ¼
yð raðtÞÞ
aðtÞN ; for y
r
aðtÞ
 
P 0
0; for y raðtÞ
 
< 0
8><
>: ; Vðt; rÞ ¼ _aðtÞaðtÞ r
€aðtÞ
aðtÞN þ
Kc
aðtÞhNþ1 
Njh _aðtÞ
aðtÞhNþ2 ¼ 0; að0Þ ¼ a0 > 0; _að0Þ ¼ a1
yðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2 ðh 1Þz2 þ ah1h1
q
8>>>><
>>>>:
ð10Þwhere a0, a1 and a > 0 are constants.
(iii) for c2þ 12 1N ¼ hP 1 1N,qðt; rÞ ¼
y raðtÞ
 
aðtÞN ; for y
r
aðtÞ
 
P 0
0; for y raðtÞ
 
< 0
8><
>: ;Vðt; rÞ ¼
_aðtÞ
aðtÞ r
aðtÞ ¼ rðmt þ nÞs; 0 < s ¼ 2cNNþ2 6 1
Kc
srcNþ1 yðzÞ
c2  mNjhrhNþ1 yðzÞ
h2
h i
_yðzÞ ¼ ð1sÞm2rN1 z; yð0Þ ¼ a > 0;
8>>>>><
>>>>>:
ð11Þ
where m, n > 0, r > 0 and a are constants.
In addition, other related results for the density-dependent sys-
tems can be found in [8,9,6].
In this article, we can construct a class of exact solutions for the
non-isentropic density-dependent Navier–Stokes equations with
pressure (2). Our main result is the following theorem:
Theorem 1. To the N-dimensional Navier–Stokes Eq. (2), there exists
a family of solutions for c ¼ hþ 1NP 1:
qðt;~xÞ ¼
f
x1þd1
aðtÞ ;
x2þd2
aðtÞ ;...:;
xNþdN
aðtÞ
 
aðtÞN
uiðt;~xÞ ¼ _aðtÞaðtÞ ðxi þ diÞ for i ¼ 1;2; . . . :;N
Sðt;~xÞ ¼ 1N ln f x1þd1aðtÞ ; x2þd2aðtÞ ; . . . :; xNþdNaðtÞ
 
aðtÞ ¼ tjN þ a0
8>>>><
>>>>>:
ð12Þ
with an arbitrary scalar C1 function f > 0; constants aN0 > 0 and di. In
particular,
(1) for a0 < 0 and the even dimensions, the solutions (12) blow up
in the ﬁnite time T = jNa0,
(2) for a0 > 0, the solutions (12) globally exist.
We highlight that our solutions are exact as f can be chosen as
an explicit form. It has never been seen in the previous literature
for the systems with the pressure term (other than the pressureless
Euler and Navier–Stokes equations without density-dependent vis-
cosity) [2,8,9,4,6] by separation methods.
Remark 2. Our result can be generalized to the case fP 0 and f > 0
except a set of measure zero in RN by passing to the weak solution
type arguments.2. Exact solutions
To start with, we apply the Yeung and Yuen’ lemma in [7] to ob-
tain the explicit expression for the mass equation:
Lemma 3 (Lemma 1 in 7). For the equation of mass:
qt þr  ðq~uÞ ¼ 0; ð13Þ
there exist solutions,
q ¼
f
x1þd1
aðtÞ ;
x2þd2
aðtÞ ;...:;
xNþdN
aðtÞ
 
aðtÞN
ui ¼ aðtÞaðtÞ xi þ dið Þ for i ¼ 1;2; . . . :;N
8><
>: ð14Þ
with an arbitrary C1 function fP 0 and a(t) > 0 and constants di.
For the entropy Eq. (2)3, we have the similar lemma:
Lemma 4. For the entropy equation:
St þ~u  rS ¼ 0; ð15Þ
there exist solutions,
Sðt;~xÞ ¼ g x1þd1aðtÞ ; x2þd2aðtÞ ; . . . :; xNþdNaðtÞ
 
ui ¼ _aðtÞaðtÞ ðxi þ diÞ for i ¼ 1;2; . . . :;N
8<
: ð16Þ
with an arbitrary C1 function g and a(t) > 0 and constants di.Proof. The proof is similar to the one for Lemma 1 in [7].
We substitute the functions
S ¼ Sðt;~xÞ
ui ¼ _aðtÞaðtÞ ðxi þ diÞ for i ¼ 1;2; . . . :;N;
(
ð17Þ
into the entropy Eq. (15) to obtain
St þ~u  rS ¼ 0 ð18Þ
@
@t
Sþ
XN
k¼1
@
@xk
S
_aðtÞ
aðtÞ ðxk þ dkÞ ¼ 0: ð19Þ
The general solutions for the semi-linear partial differential Eq. (19)
are:
G S;
x1 þ d1
aðtÞ ;
x2 þ d2
aðtÞ ; . . . :;
xN þ dN
aðtÞ
 
¼ 0 ð20Þ
with an arbitrary C1 function G.
We take the explicit form
S ¼ g x1 þ d1
aðtÞ ;
x2 þ d2
aðtÞ ; . . . :;
xN þ dN
aðtÞ
 
ð21Þ
with an arbitrary C1 function g.
We complete the proof. h
The technique of constructing solutions is to reduce the partial
differential equations into ordinary differential equations only.
Based on the above lemmas, it is ready to check our solutions for
the system.
Proof of Theorem 1. The structure of our solutions (12), ﬁts well
for the mass Eq. (2)1 and the entropy Eq. (2)3, from the above
lemmas.
For qðt;~xÞ > 0, we deﬁnite the vector
~n :¼ x1 þ d1
aðtÞ ;
x2 þ d2
aðtÞ ; . . . :;
xN þ dN
aðtÞ
 
ð22Þ
and a:¼a(t) to calculate the i-th momentum Eq. (2)2:
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@
@t
ui þ
XN
k¼1
uk
@ui
@xk
" #
þ @
@xi
ðesqcÞ  @
@xi
jqh
XN
k¼1 
@
@xk
uk
 
ð23Þ
¼ q €a
a
ðxi þ diÞ þ @
@xi
egð~nÞ
f ð~nÞ
aN
" #c !
 jN @
@xi
f ð~nÞ
aN
" #h
_a
a
ð24Þ
¼ @
@xi
egð~nÞ
f cð~nÞ
aNc
 !
 @
@xi
f ð~nÞ
aN
" #h
1
a
ð25Þ
with the linear time function aðtÞ ¼ tjN þ a0.
Then, we may choose gð~nÞ ¼ a ln f ð~nÞ to obtain:
¼ @
@xi
eln f ð~nÞ
a f cð~nÞ
aNc
" #
 @
@xi
f hð~nÞ
aNhþ1
ð26Þ
¼ @
@xi
f aþcð~nÞ
aNc
" #
 @
@xi
f hð~nÞ
aNhþ1
ð27Þ
¼ 0 ð28Þ
by requiring that
c ¼ hþ 1N P 1
a ¼ h c ¼ 1N :
(
ð29Þ
In particular,
(1) for a0 < 0 and the even dimensions, if the condition aN0 > 0; is
satisﬁed, the solutions (12) blow up in the ﬁnite time
T = jNa0,
(2) for a0 > 0, the solutions (12) globally exist.
The proof is completed. h
By comparing the previous isentropic cases [4], our main contri-
bution in this brief article is to free the density function as an arbi-
trary positive C1 function for the density-dependent Navier–Stokes
system (2). The similar cases happen in the pressureless Euler and
Navier–Stokes systems:
qt þr  ðq~uÞ ¼ 0
q½~ut þ ð~u  rÞ~u ¼ lD~u
St þ~u  rS ¼ 0
8><
>: ð30Þ
[10,5,7].
Remark 5. When we ﬁx the pressure function as
PðqÞ ¼ Kqc; ð31Þ
the degree of freedom in Eq. (26) is only one. Then, we cannot bal-
ance the momentum equations to handle the two corresponding
conditions like Eq. (29). Therefore, our method in this paper cannot
be applied to the isentropic ﬂuids (S = lnK with K > 0).Remark 6. The mass of the solutions (12) for the Navier–Stokes
equations with density-dependent viscosity is
Mass¼Mðt¼0Þ¼aN0
Z
RN
f
x1þd1
a0
;
x2þd2
a0
; . . . :;
xNþdN
a0
 
dx1dx2 . . .dxN:
ð32ÞIt is ﬁnite, forZ
RN
f
x1 þ d1
a0
;
x2 þ d2
a0
; . . . :;
xN þ dN
a0
 
dx1dx2 . . .dxN <1: ð33ÞRemark 7. Our solutions can be easily extended to the system
with the linear damping,
qt þr  ðq~uÞ ¼ 0
q~ut þ ð~u  rÞ~u½  þ bq~uþrPðq; SÞ ¼ visðq;~uÞ
St þ~u  rS ¼ 0
8><
>: ð34Þ
where b is a positive constant.3. Conclusion
In this paper, we construct some exact solutions for the non-
isentropic Navier–Stokes equations with density-dependent vis-
cosity in RN. We remark that our new method can work only for
the non-isentropic ﬂuids.
Here, our exact solutions (12) can provide the concrete exam-
ples for testing the validation and stabilities of numerical methods
for the density-dependent Navier–Stokes system with pressure.
In the mathematical model (2), we neglect the heat diffusion
and the viscosity effect in the energy equation, for making the en-
ergy equation as a transport equation of the entropy (2)3, to sim-
plify the mathematical computation. Therefore, further research
is expected to investigate the possibility of the similar ﬂuids of
the more complicated systems.
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